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"... for systems close to equilibrium where linearized versions of mass action
laws apply, one may derive generalized forms of the rate laws from the
microscopic evolution equations.”

[The following is keyed to section headings and equation numbersin the
Kapral et a. paper; the intent isto outline the logic of the development.]
2. - Derivation of chemical rate laws.

2.1 Phenomenological description. Define aprogress variable,
1= —eq
%(t) = (vi - vi) H(Ni (1) - Ni) (6)

where (vi - Vvj)isthe differenceinegtoichiometry, reactant - product, for
chemical speciesi, and (N (t) - N; ) isthedifference from the
equilibrium value of the average number of molecules for speciesi at timet.

For systems near equilibrium, the progress of the reaction, areturn to
equilibrium, isfirst order:

dx (t) -

o = - kx () (7)
This expression is the phenomenological (macroscopic; experimental) rate
law. The constant k is arelaxation rate constant. It can be expressed asa
function of the forward and reverse step constants, with the form of the
function depending on the particular chemical mechanism (see eg. 8 of
Kapral et al. (1998)).



For example, for an isomerization reaction,

Ky

A -— - B 9
Kr

K = ke + Ky

2.3 Rate law derivation. The derivation of arate law from microscopic
theory, for systems close to equilibrium, is done by use of the Mori-Zwanzig
formalism. This method gives an exact description of the dynamicsin the
form of a Generalized Langevin equation for a particular set of (slow)
variables of asystem. Projection operators, Pand Q =1 - P, areused to
separate the dynamics of % into a part that evolves in the subspace of phase
space parallel with ¢ and projected by P (more properly, thisis a subspace of
the Liouville space of al dynamical variables), and another part that evolves
in a subspace orthogonal to 7, projected by Q and complementary to that
projected by P. + isthe only variable that evolves on the slow time scale of
the chemical reaction, tryy. Variables of the subspace defined by Q have
fast dynamics; their dynamics are on the microscopic time scale, T ¢, of
atomic collisions, bond stretching, etc.

From this analysis, the ensemble-averaged dynamics for the progress
variabley is
t

dx(t) _ _ [dv k(x)%(t - 7) (24)
ot 5

The dynamics of % can be expressed equivalently in terms of the time
correlation function,

dc,, (1)

t
— = - fodr K(t)C, (t - 1) (29)

where C,, (t) = (x(t),%)(%,%)~*, the Kubo canonical correlation.



The kerndl Iz(t) Isitself atime correlation function,
k(r) = (€ HNLRILR)RH) 1 (22)

Iz(t) IS the time-dependent friction of the Generalized Langevin equation. It
also is called the memory function.

Note that Iz(t) evolves by unnatural dynamics, i (AQI:A, denoted by the
superscript ~, as compared to ordinary dynamics, i L. Thusk(t), evolvingin
the subspace defined by Q, decays to zero on thetime scale tpc.

2.4 Sructure of the rate kernel. Comparison of eq. 24 with the
phenomenological rate law of eq. 7 identifies eq. 24 as arate law derived
from microscopic theory. Up to this point, no approximations have been
made, and eg. 24 is exact. However, eg. 24 is unsatisfying, asthe
microscopic picture of the rate contant k of eg. 7 remainsunclear: eq. 24 is
an integro-differential equation (a convolution); and k(t) obeys unnatural
dynamics. Fortunately, these difficulties can be remedied by making several
approximations that introduce negligible error.

Because IZ(t) decays on the time scale T ;¢ and  evolves on the much
longer time scale tgxy, for timest | Tty c <<t <<trxN, X (1) iseffectively
constant, and we can write the rhs of eq. 24 as a product:

dy(t v
X - . | ¢ i) 200 29
Comparing egs. 29 and 7 and noting that the upper limitt" of theintegral of
eg. 29 can be extended to infinity, since by timet  the integrand will have
decayed to zero, we can identify the phenomenological rate constant of eg. 7
as

k= [ dr k(t) (30)
0



It is convenient to define the function
t nn
K(t) = [ dr k(r) = ('tgiLn)Gx)t (27)
0

For times greater than t ¢, K (t) is constant and the rate constant
k = K(x) (27)

We now pass from projected dynamics to ordinary dynamics, i 6I: — | I:,
by defining the ordinary-dynamics variables

K(t) = GO),iLY) G0 (33)
and

k(t) = (LR ILR G0 (34)
Thetilde is dropped for ordinary dynamics.

Analysis of egs 22, 27, 33 and 34 shows that for for timest >>t ¢, and for
ordinary dynamics,

K(t) = ke™™ (43)

For timest™, Typic <<t <<Trxn, K(t") isapproximately constant, and in
this plateau region, extending from time t ¢ t0 T rxn, We can identify the
phenomenol ogical rate constant as being

k=K({t) = Gl ™t (44)

The principal result of all the foregoing analysisis the expression of eq. 44
for the rate constant. We have now identified the phenomenological rate
constant with a microscopic time correlation function, and the link between
theory and experiment is complete. The pictureisnow clear: the
macroscopic rate constant k is equal to the derivative of the time correlation
function for fluctuations of the progress variable 5, evaluated for timest” in
the plateau region. Because eg. 44 isfor ordinary dynamics, the time
correlation function is accessible to analysis and to modeling by molecular
dynamics.



The approximations made to this point, in passing from eq. 24 to 29, from
eg. 330 43, and from eg. 43 to 44, al depend on the time-scale separation
of Trxn fromT . For reactions with t gy > pS, the error has been shown
to be negligible. If thereis no plateau region, then eg. 24 or eq 25 must be
used.

We note that eg. 43 is an expression of the Onsager principle relating
microscopic and macroscopic dynamics. for a system near equilibrium, on
average the microscopic dynamics of the decay of large fluctuationsin a
variable (the dynamics of decay of its time correlation function), are the
same as the dynamics of relaxation of the variable to its equilibrium valuein
amacroscopic system.

3. - Classical systems.

The above expressions hold when modified for classical dynamics and
averaging. Specifically,

K(t) = <xx(t)><xx>"1 (49)

1
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As an example, consider a system with a single reactive degree of freedom g
and a double-well potential W(q) (Fig. 2 of Kapral et a.). For this system,
the progress variable is determined by whether the value of g correspondsto
well A or well B, to the left or the right of the barrier top at q*:

x(@) = -(6(d - g%) - <6(q - g¥))> (50)
From egs. 49 and 50, with the operations given in great detalil,



d _
K(1) = - o <xx(0)><xx> 1

-~ [<6a-aho(am-a*)>-<6(a-q%)>2| <xx>"
= —<8(g-g*)6(q(t)-q*)><xx>"1
= <68(q-9*)8(q(t)-g*)><yx>"1

= <@d(a-a*)e(q(t) - g¥)><yx>"1 (51)
1

1

= <3(q-9*)><q0(q(t) - g¥)>q* <yxx>"

= ! ) < — g¥) >4t
" X5 o xg) P(g*) <ab(a(t) - 97)>q4*(51a)

where
<xx()> = <(0(q-9*)-<6(q-9%)>)-(6(q(t)-a*)-<06(q-g*)>)>

= <0(q-9%)0(q()-q¥)>-<06(q-q¥)>2

d ty _d _af d _qf
o - a’) - mG(q(t) a7) g -a%)
= 3(at)-q¥)g(t)

<xx> = <(6(q-9*)-<06(q-q*)>)%>

<
<0(q-9q)*>-<0(q-9")>"
<6(q-97)>-<6(g-q7)>“ = xg (1 - xg)

0(x) = Heavisidefunction: 1if x> 0O, O otherwise

P(a*) = <d(q-q%)>

normalized probability density for q=q*

<..>qg* = averaging of ... with g initially constrained at q*



Eqg. 5laiseq. 17 of Chandler (1998).

Eq. 18 of Chandler (1998) for the TST theory rate constant is obtained for
t—07:

KTST = lim. K(e) (52)
= . Xg (11— Xg) P(q%) <g0(q(e) - g¥)>g*
" Xg (11— XB) P(a7) <40(@)>¢
" Xg (11— Xg) P(@") <|g|> =

Eq. 54 for the TST rate constant can be expressed in aform more familiar
from our previous treatment of TST, by evaluating P(q¥) and < |q|>. For
convenience, we assume that the work function (free energy) W(q), with
minimaat g and gg, has the same shape (same frequency, or force
constant) for both wellsand is harmonic, i.e., near ga, W(qQ)=W''(g-qa)
with W' = mmA, and similarly near qB W(qga) need not equal W(qg).

—W(qF)/KT
e
P(a%) =

-W(q)/KT
fA +B dq €
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e-AW(q*)/kT
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Evaluating eg. 54,
kTSt _ 1 OA awtikr

Xg 21
Noting that for a double well potential the relaxation rate constant
k=k¢+ Kk, =k¢/Xg, we obtain Hynes (1988) eq. 4:

WA

t
k]:l'sr _ Z_e—AW IKT (Hynes—4)
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COMMENT: Chandler’ s theory, the reactive flux method, is important:

(1) Itisfirmly grounded in physical theory, with precisely-stated
approximations, the effect of which can be evaluated.

(2) The expression for the rate constant (eq. 44 or 49) can be evaluated by
computer simulation.

(3) Transition State theory is alimiting case of reactive flux theory (see
eg. Hynes-4). TST isplaced on afirm and clear theoretical footing,
without the need for tricks and special assumptions to solve the
mathematical model. Kramers theory also does this, but perhaps with
less elegance and generality. Notethat TST gives aways an upper bound
on the true rate.

(4) Reactive flux theory makes contact with Kramers theory and Grote-
Hynes theory through the Generalized Langevin equation, i.e., through
the memory function k(t) and the corresponding ordinary-dynamics
function k(t) of egs. 22 and 34. However, | do not know of a derivation
of an explicit statement of this relationship.

The last point above points to the principal drawback of reactive flux theory:
the correlation function expression for the dynamics of a progress variableis
easy to work with computationally but difficult to work with analytically, as
in reduction to the expressions of Kramers theory or to those of the multi-
dimensional extensions of TST. Kramerstheory and most other theories
work directly with the dynamics of phase-space variables and lead to
expressions for arate constant that can be evaluated without the need for
numerical methods. Reactive flux theory depends upon evaluation at a
plateau time, t*, which is difficult to explore other than by numerical
methods. Thisdifficulty isinherent in the nature of a chemical reaction: the
system changes in afinite time, Tt rxn, Which prevents the extrapolation to
infinite time/zero frequency that is so effective in analysis of other transport
properties by use of the Kubo and Mori-Zwanzig methods.



